SCATTERING THEORY FOR THE LAPLACIAN ON MANIFOLDS 

WITH BOUNDED CURVATURE 



WERNER MULLER AND GORM SALOMONSEN. 

Abstract. In this paper we study the behaviour of the continuous spectrum of the 
Laplacian on a complete Riemannian manifold of bounded curvature under perturbations 
of the metric. The perturbations that we consider are such that its covariant derivatives up 
to some order decay with some rate in the geodesic distance from a fixed point. Especially 
we impose no conditions on the injectivity radius. One of the main results are conditions 
on the rate of decay, depending on geometric properties of the underlying manifold, that 
guarantee the existence and completeness of the wave operators. 



0. Introduction. 

Let (M, g) be a complete Riemannian manifold and let A g be the Laplacian on functions 
attached to g. Then A g is an essentially self-adjoint operator in L 2 (M) [Cn]. If M is non- 
compact, then A 5 may have a nonempty continuous spectrum. The purpose of this paper 
is to study the behavior of the continuous spectrum of A g with respect to perturbations 
of the metric g. If h is a compactly supported perturbation of g, it is well known that the 
wave operators 

W±(A g ,A h ) := s-lim^ ±00 e i ^Je- i * Ah P ac (A,) 

exist. Therefore, the absolute continuous parts A 5 ac and A h ]ac of A g and Ah, respectively, 
are unitarily equivalent. Our goal is to study non-compactly supported perturbations 
of the metric. To this end we introduce a certain class of functions, called functions of 
moderate decay, which describe the rate of decay of the perturbation of a given metric. Let 
(3: [1, oo) — ► R + be a function of moderate decay (see Definition 1.4). Then two complete 
metrics g and h are said to be equivalent up to order k G N, if there exist C > and 
p G M such that 

k-i 

\g - + E Kvy'CV' - v% (x) < cy?(i + d g (x, P )), xeM, 

where d g (x,p) is the geodesic distance of x and p with respect to g, and V 9 (resp. V h ) 
the Levi-Civita connection with respect to g (resp. h). This condition turns out to be 
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an equivalence relation in the set of complete metrics on M. We denote this equivalence 
relation by g ~^ h. It implies, in particular, that the two metrics are quasi-isometric. 

To develop scattering theory for the Laplacian we need to impose additional assumptions 
on the metrics. In this paper we restrict attention to the class of complete metrics with 
bounded sectional curvature. In some cases we will also demand that higher derivatives of 
the curvature tensor are bounded. The assumption that the metric has bounded sectional 
curvature allows us to control the behavior of the injectivity radius i(x) sufficiently well. 

One of the main results is the following theorem. 

Theorem 0.1. Assume g and h be complete metrics on M with bounded curvature up to 
order 2. Let (3 be a function of moderate decay. Suppose that g <~Jph. Assume that there 
exist real numbers a, b satisfying 

i) b > 1 and a + b = 2, 

ii) f3 b s G L\M), 

iii) pn-^eL^(M). 

Then e~ tAg — e~ tAh is a trace class operator. 

Here i(x) is the modified injectivity radius, defined by (2.1), which is bounded from 
above by a constant which depends on the bound of the sectional curvature. Moreover, 
e -tA h j g re g arc i ec i as bounded operator in L 2 (M,g). This is possible, because g and h are 
quasi-isometric. 

By the invariance principle for wave operators [Ka], Theorem 0.1 implies that the wave 
operators W±(A g , Ah) exist and are complete (see Theorem 7.1). Under additional as- 
sumptions on (M,g), the conditions on f3 can be relaxed. This is, for example, the case 
for manifolds with cusps and manifolds with cylindrical ends. In either case, the method 
of Enss can be used to prove the existence and completeness of the wave operators. 

We also study the analytic continuation of the resolvent. This result can be used, for 
example, to construct generalized eigenfunctions as in [Mu2]. 

The structure of the paper is as follows. In section 1 we introduce our class of func- 
tions of moderate decay and study some of its elementary properties. Then we set up 
the equivalence relation mentioned above and prove some facts about equivalent metrics. 
In section 2 we study the behavior of the injectivity radius on manifolds with bounded 
sectional curvature. 

Then we introduce and study weighted Sobolev spaces in section 3. In section 4 we 
show that certain functions of the Laplacian including the heat kernel and the resolvent 
extend to bounded operators in weighted L 2 -spaces. Section 5 deals with the comparison 
of weighted Sobolev spaces with respect to equivalent metrics. Then we prove Theorem 0.1 
in section 6. In section 7 we deal with the existence and completeness of wave operators. 
First we prove a general result which is based on Theorem 0.1. Then we consider the 
case of a manifold with cusps and use the method of Enss to establish the existence and 



SCATTERING THEORY 



3 



completeness of the wave operators under weaker assumptions on (3. The final section 8 
deals with the analytic continuation of the resolvent, regarded as operator in weighted 
L 2 -spaces. 

I. Equivalence of Riemannian Metrics. 

Let M be an open, connected C°°-manifold of dimension n and let M. = M.(M) be the 
space of all complete Riemannian metrics on M . Eichhorn [Eil] has shown that M. can 
be endowed with a canonical topology given by a metrizable uniform structure. We briefly 
recall its definition. 

For a given Riemannian metric g on M, denote by V 9 the Levi-Civita connection of g 
and by | • \ g the norm induced by g in the fibers of © Pi ,,>o(rM* ® T*M® q ). Let h be any 
other Riemannian metric on M. For k > set 

fe-i 

(1.1) k \g - h\ g (x) = \g- h\ g (x) + | W(V* - V% (x), xeM. 

j=0 

and 

(1.2) k \\g-h \\ g = sup k \g-h\ g (x). 

Recall that two metrics g, h are said to be quasi-isometric if there exist Ci,C 2 > such 
that 

(1.3) C^x) < h(x) < C 2 g(x), for all x e M, 

in the sense of positive definite forms. We shall write g ~ h for quasi-isometric metrics g 
and h. If g and h are quasi-isometric, then (1.3) implies that for all p, q > 0, there exist 
A Pt g, B Pt g > such that for every tensor field T on M of bidegree (p, q), we have 

(1.4) A p , q \T\ g (x) < \T\ h {x) < B M \T\ g (x), x e M. 

Put V := V 9 and V := V A . Let V p ' q and V /p ' 9 be the canonical extension of V and V, 
respectively, to the tensor bundle T p ' q (M). Then for all p,q EN there exists C lhq > such 
that 

(1.5) |V™ - V p \(x) < C Pi9 |V - V\ g {x), xeM. 

For k > 1 and 5 > 0, set 

Vs = {(g, g') e M x M \ g ~ g and k \\g - g' \\ g < 5}. 

It is proved in [Eil], Proposition 2.1, that {Va}«5>o is a basis for a metrizable uniform 
structure on M.. 
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Lemma 1.1. Let g,h G A4. Assume that there exists a compact subset K C M and 
< 5 < 1 suc/i £/iai |g — /i| g (ic) < 5 for all x G M\K. Then g and h are quasi-isometric. 

Proof: Let x G M \ K. Choose geodesic coordinates w.r.t. g, centered at x. Then 
gij(x) = 5ij. Let H = (hij(x)) be the matrix representing h(x) in these coordinates. 
Denote by || • || the supremum norm of linear maps in M, n . Then by assumption, we have 
|| H — Id || < 5 < 1. Hence the Neumann series for H^ 1 = (Id — (Id — H))^ 1 converges in 
norm which implies that || H^ 1 ||< 1/(1 — 5). Thus for all £ G M. n , we get 

(1 - S) H f< (II H- 1 I))- 1 || £ || 2 < (H£,Z) <\\ H\\H f< (1 + ^) II C f • 
This implies that 

(1 - < < (1 + 5)c/(x), for all x G M \ K. 

Since K is compact, it follows that g and h are quasi-isometric. □ 

We need two results from the proof of Proposition 2.1 in [Eil] which we state as lemmas. 
For the convenience of the reader we repeat the proofs. 

Lemma 1.2. Let g,h G M. be quasi-isometric. For every k > 0, there exists a polynomial 
Pfc(Xi, Xk), depending on the quasi-isometry constants, with nonnegative coefficients 
and vanishing constant term, such that 

k \g - h\ h (x) <P k {\g- h\ g (x), |V 9 - V h \ g (x), KV^V 9 - V h )\ g (x)), x G M. 
Proof: From (1.4) follows that 

(1.6) \g - h\ h (x) < C 3 \g - h\ g {x) 
and 

(1.7) |V 9 - V h \ h (x) < C A \V 9 - V h \ g (x), xeM. 

This takes care of the first two terms in (1.1) and settles the question for k — 0, 1. Now 
we shall proceed by induction. Let k > 2 and suppose that the lemma holds for I < k — 1. 
For each p > 0, we have 

(1.8) (V h ) p {V h - V 9 ) = V 9 (V /l ) p_1 (V ft - V 9 ) + (V h - V 9 )(V ft ) p_1 (V /l - V 9 ). 

Let p < k. Using (1.7), (1.5) and the induction hypothesis, we can estimate the pointwise 
/t-norm of the second term on the right hand side of (1.8) in the desired way. To deal with 
the first term, we use the formula 

(y g ) p (y h ) l (y h - v 9 ) =(v 9 ) p+1 (v /l )^ 1 (v /l - v 9 ) 

+ (V 9 ) p (V h - V 9 )(V ft )^ 1 (V /l - V 9 ). 

Applying the Leibniz rule, we get 
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(V 9 ) p (V h - V s ) (V fc )' _1 (V fc - V s ) 

= J2 ( P ) ((v g Y(v h - v 3 )) ((v 9 y- i (v h y- 1 (v h - v 9 )). 

Inserting (1.8) and iterating these formulas reduces everything to the induction hypothesis. 

□ 

Lemma 1.3. Let gi e A4, i = 1, 2, 3, and suppose that g\ ~ g 2 ~ g 3 . For every k > 0, i/iere 
exists a polynomial Qk, depending on the quasi-isometry constants, in the variables l \g-y — 
92\gi{%) and i\g 2 — gs\ g2 (x), i,j = 0, . . . , k, with nonnegative coefficients and vanishing 
constant term, such that 

k \9i ~ 93\ gi (x) < Q k ( l \gi ~ 92\ 91 (x), 3 \92 - g3\ g2 (x)), x G M. 

If there exists S < 1 such that \\g 1 — g 2 \\ gi < 8 and \\g 2 — gz\\g 2 < ^> ^ e dependence on the 
quasi-isometry constants can be removed. 

Proof: Since g± ~ g 2 , it follows from (1.4) that 

\9i - 93\ 91 (x) < \gi - g2\ 91 (x) + C 1 \g 2 - g 3 \ g2 (x). 

Set Vj = V 9 \ i = 1, 2, 3. By the same argument, we get 

|Vi - Valvar) < |Vi - V 2 \ gi {x) + C 2 \V 2 - V 3 | 52 (x). 

Thus, the lemma holds for k = 0,1, and we can use induction to prove the lemma. First 
observe that for p > 0, 

V?(Vi - V 3 ) = V?(Vi - V 2 ) + V?(V 2 - v 3 ). 

The pointwise (^-norm of the first term on the right hand side gives already what we want. 
The second term can be written as 

V?(V 2 - V 3 ) = (Vi - V 2 )Vr 1 (V 2 - V 3 ) + VaVr^Va - V 3 ). 

Iteration of this formula and application of the Leibniz rule reduces again everything to 
the induction hypothesis. The last statement again follows from Lemma 1.1. □ 

To set up our equivalence relation in A4, we introduce an appropriate class of functions. 

Definition 1.4. Let (3 : [1, oo) — > R be a positive, continuous, non-increasing function. 
Then (3 is called a function of moderate decay, if it satisfies the following conditions 

1) sup x(3{x) < oo; 

(1.10) x6[l,oo) 

2) 3C p >0:P(x + y)>C p P(x)f3(y), x,y>l. 

Furthermore, (3 is called of sub-exponential decay if for any c > 0, e cx (3{x) — > oo as x — > oo. 
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Remark 1. The class of functions which are of moderate or sub-exponential decay are 
closed under multiplication, and also under raising to positive powers. The function e~ tx , 
t > 0, is of moderate decay and the functions x~ l and exp(— x a ), < a < 1, are of sub- 
exponential decay. Thus the class of functions introduced in Definition 1.4 is not empty. 



Next we establish some elementary properties of (3. 

Lemma 1.5. Let (3 be of moderate decay. Then there exist constants C > and c > 
such that 

(1.11) (3{x) > Ce~ cx , xe[l,oo). 

Proof: Given x G [l,oo), write x as x = y + n, where y G [1,2) and n G N. Applying 
condition 2) of (1.10) repeatedly, we get 

(1.12) (3(x)>(3(y)(C p (3(l)) n - 

By assumption, (3 is continuous. Hence there exists C > such that f3(y) > C for y G [1,2]. 
Since (3 is non-increasing, it follows that Cpf3(l) < 1. Thus there exists c > such that 
Cp(3(l) = e~ c . Together with (1.12) the claim follows. □ 

Thus for a function (3 of moderate decay there exist constants c, C 1: C 2 > such that 

Cie- cx < (3{x) < C 2 x~\ x>l. 
Lemma 1.6. Let [3 be a function of moderate decay. Then for all x,y,q G M , we have 

0(l + d(x,q)) 1 
/3(1 + %,?)) Cp(3{\ + d(x,y)) 

Moreover, for every q' G M there exists a constant C > 0, depending only on q and q' , 
such that 

(1.14) C" 1 f3(l + d(x,q')) <P(l + d(x,q)) < C (3{l + d(x, q')). 

Proof: Since (3 is non-increasing, it follows from (1.10) that 
/3(l + d(x,q)) < /3(l + d(x,q)) 



P(l + d(y,q)) (3(l + d(x,q) + l + d(x,y)) 

(3(l + d(x,q)) 



< 



Cf,P{l + d(x,q))p(l + d(x,y)) 
1 



C p P(l + d(x,y)Y 

Switching the roles of x and y, we obtain the other inequality in (1.13). Furthermore, 
switching the roles of x and q and putting y — q' in (1.13) gives (1.14). □ 
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Lemma 1.7. Let (3 be a function of moderate decay. Let g,h G M., q G M , and suppose 
that 

(1.15) \g-h\ g (x)<P(l + d g (x,q)), x G M. 

Then g and h are quasi-isometric and there exist constants C\,C2 > such that 

(1.16) C 1 d g (x,y) < d h (x,y) < C 2 d g (x,y), x,y G M, 
and 

(1.17) 0^(1 + d g (x, q)) < 0(1 + d h (x,q))<C 2 p(l + d g (x,q)), x G M. 

Proof: Let < 5 < 1. From condition 1) of (1.10) follows that there exists r such that 
(3(1 + t) < 5 for r > r . Thus by Lemma 1.1, g and h are quasi-isometric and this implies 
(1.16). To prove the second part, we first note that it follows from the proof of Lemma 1.1 
that 

d h (x, q) < (1 + (3(1 + d g (x, q))d g (x, q), d g (x, q) > r . 
Moreover, by condition 1) of (1.10) there exists C > such that 

P(l + d g (x, q))d g (x, q) < C, x G M. 
Then using (1.10), (1.16) and the assumption that (3 is non-increasing, we get 

(3(1 + d h (x, q)) > (3(1 + (1 + (3(1 + d g (x, q))d g (x, q)) > C p (3(C)(3(l + d g (x, q)). 
Switching the roles of g and h, we obtain the other inequality. □ 

Let k > 0, and consider the following relation for metrics g,h G M: 

There exist q G M and C > such that for all x G M we have 
(L18) k \g-h\ g (x)<C(3(l + d g (x,q)). 

Proposition 1.8. The relation (1.18) defines an equivalence relation in M,. 

Proof: Let g,h G M and suppose that (1.18) holds. Then by Lemma 1.7, g, h are quasi- 
isometric. Then Lemma 1.2 combined with (1.17) implies that 

k \9 - h\ h (x) < C 3 P(1 + d g (x, y)) < C 4 /3(l + d h (x, q)). 

Thus the relation (1.18) is symmetric. The transitivity follows from Lemma 1.3 and (1.17). 
By Lemma 1.6, the relation is independent of q. □ 



This justifies the following definition. 

Definition 1.9. Let (3 be a function of moderate decay. Two metrics g,h G M. are said 



to be /3-equivalent up to order k if (1.18) holds. In this case we write g ~^ h. 
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Example 1.10. Let (M,g) be a complete Riemannian manifold which is Euclidean at 
infinity, that is, there exists a compact subset K C M such that (M \ K, g) is isometric to 
M. n \ B r (0) for some r > 0, where M n is equipped with its standard metric. Let /3(r) = r~ a , 
a > 1, and let h be a complete Riemannian metric on M such that h ~^ g for some k G N. 
Then /i|m\x m &y be regarded as metric on IR n \ -B r (0) and if /i^- are the components of 
h\M\K with respect to the standard coordinates xi, ...,x n G M n , then the condition h ~p g 
is equivalent to 

< C(l+ || x ||)- a 

for all multindeces a with |a| < /c and all x G IR n \ £> r (0). Such metrics are called 
asymptotically Euclidean. 



;i.i9) 



dx^ 1 ■ ■ ■ dxl 



(hij(x) - 5. 
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To simplify notation, we will write (3(x) in place of (3(1 + d g (x ) q)). If g ~^ h, it follows 
from Lemma 1.8, that we may use both d g and dh in (1.18). 

Next we show that the /9-equivalence can also be defined in a different manner. Namely 
we have the following proposition. 

Proposition 1.10. Let k > and let g,h G M. Then g ~^ h holds if and only if there 
exists C\ > such that 

k 

J2\^ 9 Y(g-h)\ g (x)<c l (3(x), xeM. 

Proof: Let g,h G M.. The lemma holds obviously for k — 0. Let k > 1. Recall that 
V 9 g = and V h /i = 0. Using this fact, we get 



(V 9 ) k (g -h) = -{V 9 ) k h = -(V fl ) fc_1 (V s - V h )/i 
(1-20) ^A-i N 



-E (* i x ) ((v s r(v^ - v^)) ((v)*- 1 -*^)). 

j=0 ^ ^ 



Suppose that fc |g — < Cf3(x), x G M, for some constant C > 0. Then \h\ g (x) < C 

for some constant C > 0. By induction it follows from (1.5) and (1.20) that 

k 

(1.21) Y,\ { y 9 y^-h)\ g {x)<C l p{x) ) XGM, 

i=0 

for some constant C\ > 0, depending on C and fc. 

Now assume that (1.21) holds. We observe that for any smooth vector fields X,Y,Z, 
the following formula holds 
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(1 22) M(V 9 x - V* )y, Z) = \ {V 9 x {g - h)(Y, Z) + V 9 Y {g - h)(X, Z) 

-V 9 z (9-h)(X,Y)}. 

From this formula we get 

\V h -V 9 \ h <C\V 9 (g-h)\ h . 
Taking covariant derivatives of (1.22) and using induction, we obtain 

k 

k \h-g\ h (x)<Cj2\^ 9 Y(9-h)\ h (x). 

i=0 

By (1.4) and (1.21), we get 

k \h-g\ h (x)<C(3(x), 

and Lemma 1.2 implies that 

k \g-h\ g (x) <d/3(x), xeM, 
for some constant C\ > 0. □ 

Thus, we may define /^-equivalence also by requiring that (1.21) holds for some constant 
C\. It follows from the previous proposition that this gives rise to an equivalence relation. 

Finally, we study the behavior of the curvature tensor and its covariant derivatives under 
/^-equivalence. Given g e M, denote by R 9 the curvature tensor of g. 

Lemma 1.11. Let k > 2 and let g,h e M.. Suppose that g ~^ h. Then there exists Ct > 
such that 

\(V 9 Y(R 9 - R h )\ g {x) < C k p(x), x e M, i = 0, . . . , k - 2. 

Proof: Set V = V 9 , V = V A . We define the exterior differential 

d v : C°°(A P (T*M) <g> TM) -> C7°°(A P+1 (T*M) <g> TM) 

associated with V by the following formula 

p 

(rf v a)(X , X p ) = ^(-l) l V Xl («(X , X h X p )) 

i=0 

- i)"'n( .v,,.v ; ;..v V, V ; \',). 

i<j 

Then, regarded as operators C°°(TM) -> C°°(A 2 (T*M) ® TM), we have 
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and a corresponding formula holds for V'. Set A = V' — V and let X, Y be smooth vector 
fields on M. Then we have [Be, p. 25] 

RV\x,Y) - R*(X,Y) = V x (A(Y)) -V y (A(X)) - A([X,Y}) 

- A(X) o A(Y) + A(Y) o A(X) 
= (VA)(X,Y)-(VA)(Y,X) 

- A(X) o A(Y) + A(Y) o A(X). 

Differentiating this equality and using induction gives the desired result. □ 

Recall that a Riemannian manifold (M, g) is said to have bounded curvature of order 
k, if the covariant derivatives V l R, < i < k, of the curvature tensor R are uniformly 
bounded on M, i.e., there exists C > such that |V l i?|(x) < C, x e M, < i < k. 

Corollary 1.12. Let k > 2 and let g,h E M. Suppose that g ~^ h. Then 

1) (M,g) has bounded curvature of order k — 2 if and only if (M,h) has bounded 
curvature of order k — 2. 

2) The sectional curvature of(M,g) is bounded from below (resp. from above) if and 
only if the sectional curvature of (M,h) is bounded from below (resp. above). 

3) The Ricci curvature of (M,g) is bounded from below (resp. from above) if and only 
if the Ricci curvature of (M,h) is bounded from below (resp. above). 

2. INJECTIVITY RADIUS AND BOUNDED CURVATURE. 

In this section we establish some properties of the injectivity radius on a manifold with 
bounded sectional curvature. Let (M, g) be a complete, n-dimensional Riemannian man- 
ifold with bounded sectional curvature, say \K M \ < K. Let p G M. Recall that the 
injectivity radius i(p) at p equals the minimal distance from p to its cut locus C(p) (see 
[CE], [Kl]). Also note that i(p) is a continuous function of p E M [Kl, Proposition 2.1.10]. 

Proposition 2.1. Let h be another complete Riemannian metric on M with bounded sec- 
tional curvature \K^\ < K and assume that g and h are equivalent. Given p E M , let 
ig{p) and ih(p) denote the injectivity radii at p with respect to g and h, respectively. Then 
there exist constants c, c' > such that 

ihip) > min{d 9 (jo), c'}, p E M. 

Proof: Since g and h are assumed to be equivalent, there exists e > such that 

e~ £ g < h < e £ g. 

Let x E M and suppose that ih(x) < min ^e^ 2t n / (2\^K) , e~ <L i g {x)/2^. It follows from [CE, 
Corollary 1.30] that distinct conjugate points along a geodesic (with respect to h) have 
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distance > n/y/K. Therefore, by [CE, Lemma 5.6], there exists a closed geodesic loop r ) h 
at x with respect to the metric h, with 

/i-length(7 h ) < mm 

Hence, we have 

g -length^) < min ^e~ e n/VK, i g (x)^ . 



In particular, g-length^^) < n/\/K. Let r max be the maximal rank radius of exp^, with 
respect to g. Then we obtain g-length^ 71 ) < tx j\[K < r max (:r). By [BK], Proposition 2.2.2, 
there exists a unique g-geodesic loop 7: [0, 1] — > M at x with (/-length^) < r max (x), 
which is obtained from 7^ by a length decreasing homotopy H: [0, 1] x [0, 1] — ► M (cf. 
[BK], 2.1.2). Hence, we have 

^-length (7) < g -length^) < min < e~ e —=, i g (x) > . 

I V l< J 

Since h-\ength(H (■ , s)) < e e (7-length(7 /l ) < 2tt/\/K for s G [0,1], it follows from [Kl, 
Lemma 2.6.4], that (?-length(7) > 0. Parameterize 7 by (?-arc length. Then either 7(t) 
or 7(length(7) — t) belongs to the cut locus of x for some t < |^-length(7). Therefore 
i 9 (x) < i g (x), a contradiction. □ 

Let (3 be a function of moderate decay. Suppose that g ~° h. Then by Lemma 1.7, g and 
h are quasi-isometric. Therefore, if h has bounded sectional curvature, then Proposition 
2.1 can be applied to g, h. For x G M set 

f 7T 

(2.1) z(a;) := min < — , i(x) 

[I2y/K 

Then it follows, that under the assumptions of Proposition 2.1, there exists c 2 > such 
that 

hip) > C2i g (p), pe M. 

Next recall the Bishop-Giinther inequalities [Gra, Theorem 3.17], [Gro, Lemma 5.3], which 
give estimates of the volume of small balls from above and below. 

Lemma 2.2. For r < i{xq), 

,„ / , \ n—l , / , \ n— 1 

f(!) /„ (-w j * - Vol(B ' (lo)) - riu y„ h/r- j *■ 

We note that the inequality on the right hand side holds for all r G In particular 



(2.2) 

as r — > 00. 



Vol(S r (a;o)) = O ^ n " 1 ^ r ) 
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It is also important to know the maximal possible decay of the injectivity radius. 
Lemma 2.3. There exists a constant C > 0, depending only on K, such that 

(2.3) i( X ) > C ^ p )n e -{n-l)VKd{ X ,p) 

for all x,p G M. 



Proof: Let p G M and fix r, r , s, with r + 2s < n/y/K, r < Ti/AyK. By [CGT, Theorem 
4.7] we get 



(2.4) i(x) > 



l+(V« +s /Vol(B r ( P )))(V^ p)+r /V s K 



where V S K denotes the volume of a ball of radius s in the n-dimensional hyperbolic space of 
curvature — K. Set r = s = r = i(p) and apply Lemma 2.2 to estimate Vol ^B^(p) 
from below. Then (2.4) implies 



l(x) > Ci l{pY e -in-lWK{d{x,p)+i{p)) 

> Ci( P ) n e-( n - 1)V * d{x ' p) . 

□ 

Corollary 2.4. Given p G M, there exists a constant C = C(p) > such that 

i(x) > c e -( n - 1)VWd(x ' p \ xeM. 

□ 

Lemma 2.5. There exists a constant C , depending only on K , such that for each x,y G M 
we have the inequality 

(n— 1)tt d(x,y) 

(2.5) i(y) > Ci(x)e T2 . 

Proof: Let A = max{l, Yuki{xp }• Then the injectivity radius i\ at x with respect to Xg 
is given by 



12V K ' v ' — 12VK 

Since A -1 < 1, the sectional curvature with respect to Xg also satisfies \K^\ < if- 

Let r = r = s = Y2 = and set d = X^d g (x, y). Then d is the distance between 
x and y with respect to Xg. 
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Let V s (y) be the volume of the geodesic ball of radius s and center y with respect to Xg 
and let V S K denote the volume of a ball of radius s in the n-dimensional simply connected 
space of constant curvature —K. Then by [CGT, Theorem 4.3] we get 

(2.6) i M > > f^. 

A 1 + r o+ s 4 V r +s 

^ Vs(y) 

Now, [CGT, Proposition 4.1, i)] states that 

v s (y) Wy) 

yK - yK ■ 

y s y d+s 



Together with (2.6) this gives 



X{y) ~ 4 V« S V« +S ' 



From the definition of d it follows that, with respect to the metric Xg, the ball of radius 
d + s around y contains the ball of radius s around x. Hence Vd+ S {y) > V s (x). Since 
s = -^j= = i\(x), it follows from Lemma 2.2 that there exists c > such that V s (x) > c 
for all x e M. Hence, we get 

( v rp K(x)Vf Vf (n _ 1} ^ 

^ v d+s v r Q +s v d+s 

for some constant C > 0. Now the lemma follows by dividing both sides of this inequality 
by A3. □ 

We can now establish the following basic result about the existence of uniformly locally 
finite coverings on manifolds with bounded curvature. 

Theorem 2.6. Assume that M is non-compact. Let h be a continuous real valued function 
on M such that 

i) : < h(x) < i{x). 

ii) There exists constants Ci,C 2 > such that 

h(x) > C 1 h(x )e~ C2 M«o) 

for all x,xq G M. 

Then for each a > 1, there exists a sequence {xi}^ C M and a constant C3 < oo, 
depending only on K , a, C\ and C2 such that 

1) 

00 

\jB h{xi) (xi) = M. 

i=0 
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2) yi e N : #{j I B ah ( x .)(xi) n s^fo) ^ 0} < c 3 . 



Proof: Let x G M. For fceN define recursively 

m(k) = min{m G N | 5 m (x ) \ U i<k B h(Xi) (xi) ^ 0} 

and pick x^ G -B m (fc) \ Uj^-B/j^.^Xj). In this way we get a sequence {xj}°^ of points of M. 
From the construction it follows that this sequence satisfies the following condition: 

(2.7) Wi,j G N : d(xi,Xj) > min{/i(xj), h(xj)}. 

Let m G N. Then by ii), there exists c > such that h(x) > c for all x G .B m (xo). Hence 
it follows from (2.7) that d(xi,Xj) > c if Xj,Xj G B m (x ). Since B m (xo) is compact, this 
implies that only finitely many of the Xj's, say Xi, ...,x rm , are contained in B m (x ). Hence 

5 m (x ) C {jB h ( Xi )(xi) 

i=0 

which implies that 

oo 

M = \jB h{Xt) (x t ). 

i=0 

It remains to prove 2). Let a > 1. For j G N put Bj = B ah ( x .)(xj). Let i G N be given and 
put 

a = {xj | 5, n ^ 0}. 

Since /i is bounded from above, fli is contained in a compact subset Y of M. By ii) there 
exists c > such that h(x) > c for all x E Y. Using (2.7), it follows that fli is a discrete 
subset of Y and hence, fli is a finite set. Let Xj x G f2« be such that 

h( x ji) = max{/i(xj) | Xj G fij}. 
Since Bi fl i?^ 7^ 0, it follows that Bi C -E^/j^ ) (x^ ) which in turn implies that 

2 

for all Xj G Qj. Therefore by ii) we get 

h(xj) > dh{x n )e' C2 ^n^ > C x h{x n )e- AaC \ 
Thus there exists C 4 > such that 

(2.8) h(xj) > C A h(x h ) 

for all Xj G fli. Obviously C4 < 1. Hence by i), we obtain 

( 2 CJl{x h ) < gXjJ < 7T 



24VX 
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Moreover, by (2.7) and (2.8) we have d(x k ,x{) > 64/1(2^) for all x k) %i G Therefore, 
the balls Bc^,, Jxj), x,-, G are pairwise disjoint. Using Lemma 2.2, we get 

(2.10) #fe | fi, n fi, # 0} < ° V ^ J . 



IK 

There exist constants C\ > and c 2 > such that 

rT7 (4a + lk 

sinh tVK < Cl t, 0<t< y 



12CWK 
sintVK > c 2 t, 0<t< ?r j 



Hence by (2.9), it follows that the right hand side of (2.10) is bounded by ^ ^ ^ct^ 1 ) ■ 
This proves the lemma. □ 

Finally we will define and estimate some global invariants of (M,g). 

Definition 2.7. Let s > 0. For s > e > 0, let k, £ (M, g; s) G NU{oo} be the smallest number 
such that there exists a sequence {xi}^ such that {B s ^ £ (x i )} ( ^ 1 is an open covering of M 
and 

(2.11) sup #{iGN|xG B 3s+E ( Xi )} < k e (M, g; s). 

Further, let n(M,g;s) = K (M,g,s). Put n(M,g,0) = 1. 

Lemma 2.8. K £ (M,g; s) is finite for all s > e. Moreover, there exist constants C,c > 0, 
which depend only on K , such that for s > + e, we have 

K £ (M,g;s)<Ce cs . 

Proof: We may proceed as in the proof of Theorem 2.6 and construct a sequence {2^}°^ C 
M such that d(xi, Xj) > s — e for all i,j 6 N and {B s _ £ (x i )} c *l 1 is a covering of M. Let x G 
M. If x G B 3s+£ (xi), it follows that Bs~ £ (x i ) C B 5s (x). Moreover, Bs = e{x i ) nBs-e(xj) = 
if 2 7^ j. Hence, we get 

Next observe that for any X{ with d(x, Xj) < 5s we have B 5s (x) C B Ws (xi). Moreover, by 
Lemma 5.3 of [Gro], we have 

Vol(B m (x,)) fa°'( sinbt ^Y '" 
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Then combined with (2.12) we obtain 

J 10s (smhtVKy^ 1 dt 



I x e B 3s+£ (xi)} < 



s-e / \n-l 

/„ 2 (smhtVKj dt 



If (s — s)/2 > n/vK, the right hand side can be estimated by Ce cs for certain constants 
C, c > depending on K. □ 



3. Weighted Sobolev Spaces 

In this section we introduce weighted Sobolev spaces on manifolds with bounded curva- 
ture. 

Let (M, g) be a Riemannian manifold. Let V be the Levi-Civita connection of g and let 
A = d*d be the Laplacian on functions with respect to g. Let £ be a positive, measurable 
function on M, which is finite a.e. Given m G N , and p G N, we define the weighted 
L p -space L|(M,TM® m ) by 

IJ'iM.TM "') = {</? G Lf oc (M, TM® m ) \ £ 1/p y? G L P (M, TM®" 1 )}. 

Then for fc G N we define the weighted Sobolev space Wj?' k (M) by 

(3.1) W?' k (M) = {/ G L|(M) | V m / G L\.{M,TM® m ) for all m = 1, ...,£;}, 

where V is applied iteratively in the distributional sense and the norm of / G Wf k {M) is 
given by 

(3.2) ii / iu*= nr / iv7(«(*) d« P (x) 

Then Wf\M) is a Banach space. In this paper we will only consider the case p — 2. To 
simplify notation we shall write Wj?(M) in place of Wf k (M). The closure of Cg°(M) in 
Wj(M) will be denoted by W^(M). We shall write W k (M) for W^{M) and W fe (M) for 
W / fc 1 (M). Since is not a weight, this cannot lead to any confusion. Note that W]?(M) 
and Wq^(M) are Hilbert spaces. The weighted Sobolev space if|(M) is defined for even 
integers I. Let k G N. Then 

(3.3) #f (M) = {/ G L\{M) | A'/ G L\{M) for all Z = 1, fc}. 
The norm is given by 
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As an equivalent norm one can use the norm defined by 
(3-4) ||/|| Hf =||(A + Id) fe /IU|- 

The closure of C °°(M) in Hf(M) will be denoted by H™(M). If f = 1, the Sobolev space 
Hf(M) will be denoted by H 2k (M) and by H$ k (M). Note that the Laplacian A 
induces a bounded operator 

(3.5) : #f(M) -> L|(M) 

which is defined in the obvious way. 

Next we establish some elementary properties of weighted Sobolev spaces. 

Lemma 3.1. Assume that £ zs continuous. Let p, k G N. T/zen C°°(M) fl W^'^M) is 
dense in Wf fe (M) and C°°(M) n #f (M) zs dense in Hf{M). 

Proof: We proceed as in the proof of Theorem 1 in [Ma, 1.1.5]. Let {£/;: % G 1} be a locally 
finite covering of M such that for each j G / there exists an open subset Vi with [/; C K 
and is diffeomorphic to the unit ball in M n . Let {ipi : i G /} be an associated partition of 
unity. Let u G Wj?' (M) and let e G (0, 1/2). For each % G / let Ui — tpiU. Then u,i belongs 
to Wj?' k (M) with suppnj C Ui. Since £ is continuous, it follows that n« G W p ' fc (C/j) and 
suppnj is contained in the interior of C/j. Hence there exists a mollification ^ G C£°(C/j) of 
n ? - such that 



9i ~ u i \\wp> k — 



mQX x£U t fa) ' 



[Ev, Section 5.3]. Then 



9i Ui \\ W P,k< £ . 



Clearly g = X^fi 1 * belongs to C°°(M). Let u> C M be a relatively compact open subset. 
Then we have 



U\ u = ^Ui 



U)1 



and the sum is finite. Hence 

\\g-u \\ W P,k ([v) < ^2\\9i- ^ \\ W P,k< e(l - e)" 1 < 2e. 



This implies that || u \\ wP ,k^<\\ u \\w P ,k +2e for all relatively compact open subsets 
lu C M. Hence by the theorem of Beppo-Levi, we have g G C°° fl Wf k (M) and 

|| g - u \\ w v,k< 2e. 



The proof that C°°(M) n Hf(M) is dense in Hf{M) is similar. □ 
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Therefore we can use the following alternative definition of the Sobolev spaces. Let 
C£°(M) denote the space of all / G C°°(M) such that \W j f\ G L\(M) for j = 0, ...,£;. 

Then W^' k (M) is the completion of C£°(M) with respect to the norm (3.2). Similarly let 
C%°(M) the space of all / G C°°(M) such that (A + ld) k f G L 2 (M). Then Hf(M) is 
the completion of C£°(M) with respect to the norm (3.4). This implies that we can define 
if|(M) for all s G R. Let (A + Id) 5 / 2 be defined by the spectral theorem. Let Cf{M) 
be the space of all / G C°°(M) such that (A + Id) s / 2 / G L\(M). Let if|(M) be the 
completion of Cf{M) with respect to the norm 

||/||„ |( m)HI (A + iay/'f 

In general the Sobolev spaces W£(M) and W^(M) (resp. Hf{M) and H 2 \{M)) will 
not coincide. If (M,g) is complete and £ = 1, the following is known [Sa] . 

Lemma 3.2. Assume that (M,g) is complete. Then for all k E N we have 

W k (M) = W k {M), H 2k (M) = H 2k (M), and W 2k {M) = H 2k (M). 

Proof: For the proof we refer to [Sa]. The fact that C£°(M) is dense in H 2k (M) is an 
immediate consequence of [Cn]. Indeed by [Cn], (A + Id) fe is essentially self-adjoint on 
Cg°(M) for all keN. Thus 

(3.6) (A + Id) fc (C~(M)) = L 2 (M). 

Let / G H 2k (M). Then (A + Id) fc / G L 2 (M) and hence, by (3.6) there exists a sequence 
{ipj} C C C °°(M) such that 

|| / - Vj H^HI (A + W) fe (/ - <Pj) ||l2- 
as j — > oo. □ 

Under additional assumptions on £, similar results hold for weighted Sobolev spaces [Sa]. 
In general the following weaker results hold. 

Lemma 3.3. For all k G N, the natural inclusion W 2k (M) <^-> H 2k (M) is bounded. 

Proof: Let k G N. Let / G fe (M). Then we have V j f G L|(M) for j = 0, 2/c. Recall 
that 

(3.7) A = -Tr(V 2 /) 

and VTr = 0. Hence it follows that there exists C > such that 

\Aif\(x)<C\V 2 if\ g (x) 
for all j = 0, k and x G M. This implies A- 7 / G £|(M) for j = 0, /c, and 



/ Ilff2*< c II / 



□ 
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In order to deal with the inclusion in the other direction, we need some preparation. 
Let B s C W 1 denote the ball of radius s > around the origin in IR n . Given m G N and 
r,K,X> 0, denote by Sll m (r, K, A) the set of elliptic differential operators 

\a\<m 

of order m in B r such that the coefficients of P satisfy: 

(1) a a G C m (B r ). 

( 2 ) E|a|<m II °a ||c°(B r )< K, J2\a\=m II a « \\cHB r )< K. 

(3) A -1 || f || m < E| a |=maa(a:)C a < A || f || m for all £ G R n and x G P r . 
Given an open subset Qcl" and fceN, l¥ fc (f2) is the usual Sobolev space. 

Lemma 3.4. Let K, A > &e gweri. TTiere exists r = r (K,\) > and C = C(A) > 
such that for all r < r , P G £ll m (r, K, A) and rr G P r : 

II « ||w™(B r )< C (|| ^ IU 2 (Br-) + II U IU 2 (B r )) 

for allue C^(B r ) 

Proof: Let 1 > r > and let P G £U m (r, K, A). Put 

P = a ^)D a - 

\a\=m 

By Lemma 17.1.2 of [H] there exists C\ > which depends only on A such that for all 
ueC?(B r ): 

II U \\w™(B r )< C (|| P U \\ L 2(B r ) + || U lU^Br.)) • 

Now Pw = P w + (P - PoK Thus 

(3.8) || U \\ W ™(B r )< C (|| Pw || L 2(B r ) + || (P - P )U \\^{B r ) + || U \\mB r )) ■ 

Next observe that 

(P-P )u= (a a (x)-a a (0))D a u+ ^ a a (x)D a u. 

\a\=m |a|<m 

Hence by 2): 

II {P - Pq)u \\vHB r )<r ^2 II a ° Hc* 1 ^)!! u \\w™(B r ) 

\a\=m 

(3.9) + £ II a a ||c°(B r )|| u ^W rn ~ 1 {B r ) 

\a\<m 

<K(r\\u \\w m (B r ) + || u \\ W m-i {Br) ) . 

By the Poincare inequality there exists C 2 > which is independent of r < 1 such that for 
all u G C7 co (P r ): 

II u \\w r "' 1 (Br)^ rC 2 \\ u \\w m (B r ) ■ 
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Using this inequality, it follows from (3.9) that 

|| (P - P Q )u ||L2 (Br) < rC(K) || u \\w™(B r ) ■ 
Together with (3.8) we get 

(1 - rCC(K)) || u \\w»{B r )< C (|| Pu \\ L 2 (Br) + || u \\ L 2 [Br) ) . 

Set 

ro = min{1 '2^) } - 
Then it follows that for all r < r and u G C^(B r ): 

|| U \\w™(B r )< 2C (|| PU \\tf{B r ) + II U IU 2 (i? r )) • 

□ 

Lemma 3.5. Let k > 1 be even. Assume that M has bounded curvature of order k. Let 
K > be such that sup xgM \V l R(x)\ < K, I — 0, 2k. There exist constants r = r (K) > 
and C = C(K) > such that for all xo G M and r < min{r , i(xo)} one has 

II u \\w 2k (B r (x ))< C || U ||H 2fc (S,.(xo)) 

for allue C?(B r (x )). 

Proof: By [Ei2, Corollary 2.6 and 2.7] there exists a constant C\ > 0, which depends only 
on K, such that for every x G M, every r < i(xo), and all k — 1, n, one has 

(3.10) sup \D a gij (x)\ < d, |a|<2ife, sup \D^T) k {x)\ < C u \(3\<2k-l, 

x£B r (xo) x£B r (xo) 

where the gij and T l - k denote the coefficients of g and V, respectively, with respect to 
normal coordinates on the geodesic ball B r (x ) of radius r with center xq. 

Let Xq G M and r < i(x ). Let B r C T X0 M denote the ball of radius r around the origin. 
Let W 2k (B r ) be the Sobolev space with respect to the flat connection. Then it follows 
from (3.10) that there exists C 2 = C 2 (K) > such that 

(3.11) C 2 X || u o exp XQ \\ W 2 k{Br) <\\ u \\ W 2k (Br(xo)) < C 2 || u o exp^ \\ W 2k (Br) 

for all x G M, r < i(x ), and u G C^°(-B r (a;o)). Let 5 be the metric on B r which is the 
pull-back of g \ B r (xo) with respect to exp Xo : B r — > B r (xo). Let A be the Laplacian on B r 
with respect to g. Then by (3.11) it is sufficient to show that there exists C 3 = C 3 (K) > 
such that 

(3.12) || / \\ W 2 HBr) < C 3 || (A + Id)*/ || L2 ( Br) 

for all xq G M, r < ?(x ), and / G C7g°(S r ). Set P = (A + Id) fe . By (3.10) there exists 
C4 > 0, which depends only on K, such that P G £ll 2h (r, 1,6*4). Then by Lemma 3.4, 
there exist r > and C 3 > such that (3.12) holds for all x G M and r < min{r , i(x )}. 
This completes the proof of the lemma. □ 
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Lemma 3.6. Let k G N be even. Suppose that (M,g) has bounded curvature of order 2k. 
Let f3 : M — > R + fre a function of controlled decay. Then there exists a canonical bounded 
inclusions 

(3.13) H%. 2kn {M) Wj(M) and iZ*(M) W^, fc „(M). 

Proof: By Theorem 2.6, there exists a covering {B j_^{xi)} < ^ l of M by balls and a 
constant C > such that 

(3.14) Mx E M : #{ Xi \ x G B~ l{xi) { Xi )} < C. 

Let ip G C°°(R) be such that y? = 1 on [0, 1] and tp = on [2,oo). For x G M and 
1 < j < fc, w e define 

(3.15) = ( «*W- yzB,a*Y. 

V ; KyJ \ 0, otherwise. 

Then ip jiX G Cg°(M). Let / G H k (M). Using Lemma 3.1, it follows that <p 3> / G 
H k (Bi( x )(x)). Then by Lemma 3.5 we get fj lX f £ W^ fc (-Bi(»(^)) and 

v% M /) = J2 ( 3 ) (vVm)(v 3 '-7), j = o, k. 

By estimating the supremum-norm of the derivatives of ip^ x and using Lemma 3.5 , we get 

< c\\f\\ wk(B <x)) +C£ ( k )'<-'(x)\\'ek-i,J\\w*- r 

(3.16) ( ' w 

- c|l/ll »K« iltTl „«) + c "% Q rp wii^-^ii«-" 

By induction, this yields 

(3-17) Ikfc.xi/Hw* <C«" fc (a; i )||/|| H fc (Bl(Bi)(a .. )) . 

Let / G ifg. By Lemma 1.6, Lemma 3.5, (3.14) and (3.17) we get 

oo oo 

\\f\\wi < cj2Phxi)hk, Xi f\\w^ k (xi) < cj2Phxi)hk, Xi f\\ H * 

(3.18) i=1 

i=l 

By (2.3) there exists a constant Ci > such that 

~i(xi)~ k ~i(x) kn < Ci 
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for all i G N and x G B^ x ^(xi). This implies 

oo 

J^PHxiT^xMfllHHB^^)) <C 2 \\f \\h*, 



z=l 



which together with (3.18) gives the first inclusion. The proof of the second inclusion is 
analogous. □ 



Remark 2. Lemma 3.6 is not optimal. Under additional assumptions on f3 one can show 
7f{M) = Hf 



that Wf{M) = Hf(M) [Sa]. 



4. Functions of the Laplacian. 

Assume that (M,g) is complete. Then A: C£°(M) — > L 2 (M) is essentially self-adjoint 
and functions f(y/~K) can be defined by the spectral theorem for unbounded self-adjoint 
operators by 



poo 

f(VK) = / f(\)dE x , 

Jo 



where dE x is the projection spectral measure associated with v^A- Let / G L 1 (M) be even 
and let 

/oo 
f(x) cos(Xx) dx. 
-oo 

Then f(y/~K) can also be defined by 

1 f°° 

(4.1) f(VK) = — / /(A) cos(Av / A) dX. 

This representation has been used in [CGT] to study the kernel of f(\/A). We will use 

(4.1) to study f(y/~K) as operator in weighted L 2 -spaces. To this end we need to study 
cos(Aa/A) as operator in L|(M). Given s > 0, let K,(M,g,s) be the constant introduced 
in Definition 2.7. 

Theorem 4.1. Assume that (M,g) has bounded curvature. Let (3 be a function of moderate 
decay. Then cos(sV / A) extends to a bounded operator in Lp(M) for all s G R and there 
exist C, c > such that 

(4.2) Hcos^VA)!!^ <Ce c H s G R. 



Moreover cos(sv / A) : L^(M) — > L^(M) is strongly continuous in s. 

Proof: Let s > 0. Choose a sequence {xfc}^ C M which minimizes re(M, ^; s). For k G N 
let Pfc denote the multiplication by the characteristic function of B s (xk) \ Ui=o B s (xj). 
Then each Pk is an orthogonal projection in L 2 (M) and L|(M), respectively. Moreover 
the projections satisfy Pfc-Pfe' = for fc 7^ fc' and YlkLi Pk = 1, where the series is strongly 
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convergent. Obviously the image of P k consists of functions with support in B s (x k ). Now 
recall that cos(£a/A) has unit propagation speed [CGT, p. 19], i.e., 



supp cos(sv A)5 X C B\ t \(x) 
for all x E M and tel. Let / £ L 2 (M). Then it follows that 

supp cos (sv / A)P fc / C B 2s (x k ) 

and 

suppcos(sv / A) ((1 - XB 3s ( Xk ))f) CM- B 2s (x k ). 

Hence 



cos(sVA)f \\l = ^(cos( S v / A)P fe /,cos( sv / A)/)^ 
k=i 

oo 

^(cos(sv / A)P fe /, COs(s\^A)( X B 3a (x k )f))(3- 



(4-3) t 1 



k=l 



Now observe that the norm of cos(svA) as an operator in L 2 (M) is bounded by 1. This 
implies 

\(cos(sV~K)P k f, cos(sv / A)(xB 3s ( a;fc )/)) /3 | 

< sup /3(y) || P k f \\ L 2 • || XB 3a (x k )f \\v ■ 

yeB 3a (x k ) 



To estimate the right hand side, we write 



sup (3{y) || P k f \\ 2 L2 = f \P k f(x)\ 2 sup (^\)(3( x )dx. 

B 3s (x k ) Jm yeB 3s (x k ) \P{ X )/ 



y&B 3s (x k ) 

Since the support of P k f is contained in B s (x k ), we can use (1.13) to estimate the right 
hand side. This gives 

sup (5{y) || P k f ||| 2 < C^— 1— || P k f . 
y&B 3s (x k ) /7(l + 4sj f> 

A similar inequality holds with respect to || XB 3s (x k )f ||l 2 - Putting the estimations together, 
we get 



| (cOs(sV / A)Pfe/, COs(sVA) (xB 3s (x k )f))f3\ 

(4.4) _ x i 

Now recall that by Lemma 2.8 we have n(M,g; s) < oo. Hence we get 

oo 

J2\\XB 3 4 Xk )f\\ll<<M,g-,s)\\f\\l } <oo. 
k=i 
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Together with 4.3 and (4.4) we obtain 

j oo 

|| cos(aVA)/ \\ 2 L} < Cp 1 — — || f\\ L$ J2 II XB M * k )f hi 

(4.5) HK ' k=i 

Recall that by (1.10) we have < C(l + d(a:,p))- 1 , x G M. Therefore L 2 (M) C L 2 p (M), 
and L 2 (M) is a dense subspace of L 2 (M). This implies that cos(s\/A) extends to a bounded 
operator in L|(M). Moreover by (1.11) and Lemma 2.8 it follows that there exist constants 
C, c > such that 

|| cosC^A) \\ 2 L%L2 < Ce c % se[0,oo). 

Since cos(— s\/A) = cos(s\/A), this extends to all s e R such that (4.2) holds. The strong 
continuity is a consequence of the local bound of the norm and the strong continuity on 
the dense subspace L 2 (M) C L 2 p (M). □ 

Using Theorem 4.1, we can study f(y/~K) as an operator in Ljj(M). Given c > 0, let 

C poo 

T l (c) = lfEL 1 (R): J \f(\)\e c ^d\<oo 

Lemma 4.2. Assume (M,g) has bounded curvature and let (3 be a junction of moderate 
decay. Then there exists a constant c = c(M,g, (3), such that for all even functions f e 
jF^c), the operator f{\fK) extends to a bounded operator in L 2 (M) . Moreover, there exists 
a constant C\ = C±(M, g, (3) > such that 

(4.6) II/^IIl^^^ii/h^^ 

for all f as above. If k(M, g; s) is at most sub- exponentially increasing, then c(M, g, (3) > 
can be chosen arbitrarily. 

Proof: By Theorem 4.1 there exist constants C, c > 0, depending on (M,g,/3), such that 

||cos(^)|| L ^<Ce c N, 
for all s E R. Let tp e L 2 (M). Using (4.1), it follows that 

(4.7) ll/(v^ML=<^ll/IL. OH IMLj. 

Since L 2 (M) is dense in L|(M), it follows from (4.7) that /(a/A) extends to a bounded 
operator in L 2 JM). The last statement is obvious. □ 

Remark 3. It is not difficult to see, that (4.1) is in fact strongly convergent in L|. 
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Corollary 4.3. Suppose that (M,g) has bounded curvature and let [3 be a function of 
moderate decay. Then the following holds: 

a) For every t > 0, the heat operator e~ tA extends to bounded operator in L^(M). Its norm 
is uniformly bounded in t on compact intervals ofR + . 

b) In the region {A G C: Re(V— A) > c(M,g,/3)} the resolvent (A — A) -1 extends to a 
bounded operator in L|(M). The function of A i— > (A — A) -1 is locally bounded and holo- 
morphic on this domain. 

c) If (3 is of sub- exponential decay and K,(M,g;s) is at most sub- exponentially increasing 
for s > s , then (A — A) -1 : Lj|(M) i— > Lp(M) is defined and bounded for all A G C\ [0, oo). 

Proof: This follows from Lemma 4.2 and 



e~ tx2 cos(xy)dx = \ — e~ « / _ _ cos(xy)dx = — =e _v ^' y '. 

1 ^ V * loo A + 1 y; 

□ 

Let /3 be of moderate decay. There is a canonical pairing (•, •) between L 2 p(M) and 
Lj_i(M) given by 

(/,<?) = [ f(x)g(x) dx, f G L%M), g G L|_i(M). 

This pairing is non-degenerate so that L|_i(M) is canonically isomorphic to the dual of 
L 2 (M). Moreover, we have the following inclusions 

L 2 p-i(M) C L 2 (M) C L|(M). 

By duality it follows that Theorem 4.1, Lemma 4.2 and Corollary 4.3 also hold w.r.t. 

Especially, it follows that /(a/A) defined on L 2 ^ 1 (M) is the restriction of f(y/~K)\ L 2. 
Moreover, we have the identity 

(4-9) /(VA),^ = (/(VA),^)*. 

Lemma 4.4. Lei P be a function of moderate decay. If A and A satisfy condition b) of 
Corollary 4-3, then 

H 2 (M) = (A-\)-\Ll(M)). 

Proof: First note that C£°(M) is dense in L|(M). Indeed C£°(M) is dense in L 2 (M), 
and L 2 (M) is dense in L%(M). Let / = (A - A) _1 gr, 5 G Lj(M). Then there exists a 
sequence {(pi}i<=m C C^°(M) which converges to g in L 2 (M) and (A — A) _1 </?i converges to 
/ in L 2 (M). Let y? G Cg°(M). Then 

(/, Ay?) = lim ((A - A)"Vi, Av?> = Hm + A(A - A)"Vi, = (<? + A/, p). 
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Thus Af = g + \f G L|(M) and hence / G Hj(M). Now suppose that / G iZj(M) and 
set g = (A — A)/. Then <? G L 2 JM) and we need to show that / = (A — A)~V Let 
V? G Cq 3 (M). By definition of (A — A)" 1 ^, there exists a sequence {gijjgN C L 2 (M) such 
that (A — A) _1 (?j converges to (A — \)~ 1 g in L|(M) as i — > oo. Using this fact, we get 

(4.10) ((A - A)-^, v?) = (£, (A - A)" V) = ((A - A)/, (A - A)"V>- 

Now observe that (A — A)~V belongs to H 2 (M). By Lemma 3.1, there exists a sequence 
{y?;} ieN C C£°(M) which converges to (A - A)~V in H 2 (M). Thus 

((A - A)/, (A - A)"V> = lim ((A - A)/, y^> = (/, (A - A>,> = (/, <p). 

i— >oo 

Together with (4.10) this implies that / = (A - A)~V □ 

Lemma 4.5. Let j3 be a function of moderate decay. Then (A + \)(Cq°(M)) is dense in 
L 2 p (M) for every A G K + . 

Proof: As in (3.6) it follows from the essential self-adjointness of A + Aid that (A + 
A)(C C °°(M)) is dense in L 2 (M). Moreover since (5 is monotonically decreasing, we have 
that L 2 {M) C L 2 p (M) is dense and || / C \\ f \\ for / G L 2 {M). This implies that 
(A + A)(C C °°(M)) is also dense in L 2 {M). □ 

Corollary 4.6. Let f3 be of moderate decay. Then C^°(M) is dense in if|(M). 

Proof: Let / G Hj(M). Let A > 0. By Lemma 4.4 there exists g G L 2 p (M) such that 
/ = (A + A) _1 (?. By Lemma 4.5 there exists a sequence {y?i}i G N C C£°(M) such that 
(A + \)(fi converges to g in L 2 p(M) as % — > oo. Thus v?j — > / in L 2 p(M) and (A + \)(fi 
converges to g — (A + A)/ as « — > oo. This implies that ^ converges to / in Hl(M). □ 



5. Equivalent Metrics and Sobolev Spaces. 

In this section we study the dependence of the Sobolev spaces on the metric. We will 
prove, that if g ~^ h for an appropriate f3, then the Sobolev spaces defined with respect 
to g and h are equivalent up to order k. We assume that all metrics have bounded sec- 
tional curvature. To indicate the dependence of the corresponding Sobolev space on the 
Riemannian metric g, we will write Wj?(M;g) and H^ k (M;g), respectively. 

Lemma 5.1. Let [3 be of moderate decay. Assume that g ~^ h. Then the Sobolev spaces 
Wj?(M;g) andWj?(M;h) are equivalent. 

Proof: First note that by Lemma 1.7 the metrics g and h are quasi-isometric. This implies 
that Lj(M, g) and Lj(M; h) are equivalent. So the statement of the lemma holds for k — 0. 
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Let / G C°°(M). Let k > 1. By induction we will prove that for / < k there exists Cj > 
such that for a,b G N , a + 6 = /, 

a+b 

(5.1) |(VT(vY/L(^)<c^|(v^/Ux), xGM. 

i=0 

Let / = 1. Since on functions the connections equal d, (5.1) follows from quasi- isometry of 
g and h. 

Next suppose that (5.1) holds for 1 < I < k. To establish (5.1) for I + 1, we proceed by 
induction with respect to a. Let a, b G N with a + 5 = Z + 1. If a = Z + 1 there is nothing 
to prove. Let a < I + 1. Then 

(5.2) (v 9 ) a (v A ) 6 / = {v 9 ) a {v h - w 9 )(w h ) b - 1 f + {V 9 ) a+1 {V h ) b - 1 f. 

and therefore, we get 

\(v 9 ) a (v h ) b f\ h (x) < \(v 9 ) a (v h - v3)(v ft ) 6 -7U(z) 

+ |(VT +1 (VY-7U(:r), xGM. 

Using g ~* h together with the binomial formula and the induction hypothesis, it follow 
that (5.1) holds for I + 1. Especially, putting a = we get 

i 

(5.3) |(V7/U(x)<C^|(V 9 )7U^), a; G M, Z < /c. 

i=0 

Suppose that / G C°°(M) n li?(.U: #). Then (5.3) implies that / G C°°(M) n (M; Zi) 
and 

II / \\wj?{M;h)— & II / llw|(M;c/) ■ 

By Lemma 3.1, C°°(M) n W ? fc (M; g) is dense in H^ fe (M; g). Therefore this inequality holds 
for all / G W^(M, g). By symmetry, a similar inequality holds with the roles of g and h 
interchanged. This concludes the proof. □ 

Next we compare the Sobolev spaces H^ k (M;g) and H 2k (M;h). Let A g denote the 
Laplace operator with respect to the metric g. Recall, that 

and that the formal adjoint (V 9 )* of V 9 is given by 

(5.4) (V 9 )* = -Tr(g- 1 V 9 ), 

where g~ l : T* M TM is the isomorphism induced by the metric and Tr: T* M ®TM — > 
R denotes the contraction. Since V 9 Tr = and V 9 g~ l = 0, we get 

(5.5) A k = (-l) k (Trg~ 1 ) k (V 9 ) 2k . 
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Lemma 5.2. Assume that g ~^ fe h. Then for each I, < I < 2k and j, < j < 21, there 
exist sections G C , °°(Hom((T*M)®- 7 ', R)) such that 

(5.6) A i - A k = E S ° ( V9 )' = E $ ° ( V ") J 

j=0 i=o 
and t/iere exists C > such that for < p < I 

(5.7) |(V<njl,(*) < C)9(x), |(V h nSU(x) < Cfts), x E M. 

Proof: Using (5.5) we get 

(-I)'(AJ - A' fc ) = (Tr g' 1 ) 1 (V 9 ) 21 - (TrOW 

= (Tig- 1 ) 1 ((V 9 ) 21 - (V h ) 21 ) + ((Tr^ 1 )' - (Tr/^ 1 )') (V h ) 21 . 

First consider the second term. Note that there exists C > such that 

(5.9) |(VT ((Tr^T 1 )' - (Trh- 1 ) 1 ) \ g (x) < C\{V 9 Y{g ~ h)\ a (x). 

Since g ~| fc h, the right hand side is bounded by C\(5{x). By symmetry the same estimation 
holds with respect to h. 

To deal with the first term on the right hand side of (5.8), we use 

(v 9 ) j - (v h y = (v*) j ' -1 (v* - v h ) + ((v 3 )^ 1 - (vV 1 ) v h 

and proceed by induction with respect to j. □ 

Corollary 5.3. Let (3 be of controlled decay. Assume that (3i~~ 2kn is bounded, g ~^ fc h 
and (M,g) and (M,h) have both bounded curvature of order 2k. Then H^ k (M,g) and 
Hp k (M, h) are equivalent for all functions p of controlled decay. 

Proof: Let / G C°°(M) n H 2k (M; g). Using Lemma 3.6 and Lemma 5.1 we get 

II / ||ff2*(Af; fl )> Cl II / (M;g)> C 2 \\ f \\wf kn (M;h)> C 3 \\ f \\ W % (M;h) ■ 

% p Z p p p 

By Lemma 5.2 it follows that / G C°°(M) n E 2k (M, h) and there exists a constant C > 0, 
which is independent of /, such that 

II / Htf2fc(M;A)< C II / \\Hj k (M;g) ■ 

By symmetry, a similar inequality holds with g and ft, interchanged. □ 
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6. Trace class estimates 

Let (M, g) be an n-dimensional Riemannian manifold with bounded sectional curvature, 
\K M \ < K. Let e~ tAa (x,y) denote the heat kernel of A g . Let < a± < a 2 < oo. Let % 
be the modified injectivity radius defined by (2.1). It follows from [CGT, Proposition 1.3], 
that there exist C\,c\ > such that 

(6.1) e- tA °(x,y) < d?(x)-t%)-fe- Cld2 ^, te[ ai ,a 2 }. 
Let c < C\. Then by (6.1) and (2.3) there exists C > such that 

(6.2) e~ tA *(x,y) < C^x)~^ e~ cd2(x ' y \ t G [a 1: a 2 ]. 

Lemma 6.1. Let [3 be a function of moderate decay. Assume that there exist real numbers 
a, b such that 

i) a + b = 2, 

ii) (3 b G L\M), 

n(n+l) 

iii) (3 a r^^ e L°°(M). 



Let Mfs the operator of multiplication by f3. Then for every p G No, the operator MpA^e tAg 
is Hilbert- Schmidt. Fort in a compact interval in R + , the Hilbert- Schmidt norm is bounded. 



Proof: we have 

(6.3) MpA p e~ tA = (Mpe~^ ^A p e~^ A ^ . 

Note that the operator norm of A p e~^ A is bounded on compact subsets of IR + . Hence we 
may assume that p = 0. By Corollary 4.3, 1), it follows that e~ tA extends to a bounded 
operator in L 2 b (M) and its norm is uniformly bounded for < a < t < b. The condition 

(3 b G L\M) implies that 1 G L 2 b . Hence e~ tA l G L 2 b (M). Let e- tA (x,y) be the kernel of 
e- tA . Then 

(l,e- tA l) L , = [ [ f3 b (x)e- tA °(x,y)dydx. 

13 J M J M 

The integral converges since e~ tA (x,y) is positive. Thus we get 

/ / \(3(x)e- tA °(x,y)\ 2 dydx= [ [ (3 2 (x) e - 2tA * (x,y)dydx 
Jm Jm Jm Jm 

< sup \p a (z)e- tA *(z,w)\ [ [ [3 b (x)e- tA9 (x,y)dydx 

z,w£M J M J M 

<C sup \(3 a (z)r^(z)\ [ (3 b (x) (e- tA (l))(x)dx 
zeM Jm 

< a ii e -' A (i) || L2 . 

This proves the lemma. □ 
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Lemma 6.2. Assume f3 is a function of moderate decay and that there exist real numbers 
a, b such that 

i) b > 1 and a + b = 2, 

ii) f3 b s G L\M), 

iii) 0r^eL°°(M). 

Let Mf3 be the operator of multiplication by (3. Then the operator Mj-2nMgA p e~' A is a 
trace-class operator for p G N. Fort in a compact interval, the trace-class norm is bounded. 

Proof: We decompose the operator as 

(6.4) M, :: .\liy< !A = j.U, - a .U, : } • |m^i A p e~^ A2 } . 

Since f3 is non-increasing and (3{x) < 1/2 outside a compact set, it follows that (3^ < Cfti 

1 - a . n(n+l) 

for 6 > 1. Hence by ii) we get (3$ G L (M). Moreover by iii) it follows that (3~i% 2 G 
L°°(M). Hence by Lemma 6.1, the second factor on the right hand side of (6.4) is a 
Hilbert-Schmidt operator and its Hilbert-Schmidt norm is bounded for t in a compact 
interval in IR + . It remains to show that the first factor is Hilbert-Schmidt and that the 
Hilbert-Schmidt norm is bounded on compact intervals. By iii) we have 

n(n+l) n 

p a r^-^~ 2n G L°°(M). 

Using this observation together with (6.2), we get 



(6.5) 



I [ \r 2n (x)[3(x)e- tA (x,y)f3-Hy)\ 2 dxdy 

JM JM 



< Csup \r 2 ^' 2n (z)p a (z)\ [ [ (3 b (x)e- tA (x,y)(3-^(y)dxdy. 

z£M JM JM 



Now observe that by ii), (3 3 belongs to L 2 b+4 (M). Since /3 3 < Cf3s, it follows from ii) 

that (3^r is integrable. Hence by Corollary 4.3, e~ tA extends to a bounded operator in 
L 2 b+4 (M). Therefore j M e~ A (x ) y)f3~^(y)dy G L 2 b+4 , and the norm is uniformly bounded 

for t in a compact interval of R + . Next note that f3 b G L? b+4 . Hence 

/r- i- 

(6.6) f [ p b (x)e' tA (x,y)p-l(y)dxdy= (f3 b ,e~ tA (3~l) < 00. 

JM JM ^ ' 

This implies the lemma. □ 

Lemma 6.3. Let (3 be a function of moderate decay, satisfying the conditions of Lemma 
6.2. Let g,h be two complete metrics on M such that g ~^ h. Let A g and A^ be the 
Laplacians of g and h, respectively. Then 

(A g -A h )e- tA * and e - * As (A fl — A^) 
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are trace class operators, and the trace norm is uniformly bounded for t in a compact subset 
0/(O,oo). 

Proof: We decompose e~ tAg as 

(6.7) e" iA * = (e-t^M^i) • (M^e"**') . 

By Lemma 6.1, the second factor is a Hilbert-Schmidt operator and it suffices to show that 
(A — A h )e~ tA9 Mi is Hilbert-Schmidt and that the Hilbert-Schmidt norm is bounded 
for t in a compact interval. Using Lemma 5.2 and Lemma 3. 6, it follows that the Hilbert- 
Schmidt norm can be estimated by 

2 

\\(A g -A h )e- tA »M 1 HI < / / KV^e-^^^-id/)!^ 2 ^)^ 

' i=0 J M J M 

= C [ ||e-*H,y)/H(y) || 2 
<cj \\e-^(;y)p-Hy)\\h a 4 

<^ 2 ^ / ll/3(-)r 2n (-)A^(-,^^( y )||^ 



q=0 
1 

= C 2 \\MpM % -. n Ale- tA °M rl || 2 . 

By Lemma 6.2 the right hand side is finite and bounded for t in a compact interval of M + . 
To prove that e~ tAa (A g — A h ) is a trace class operator, it suffices to establish it for its 
adjoint (A g — (A h )* 9 )e~ tA9 with respect to g. By (5.6) and (5.4) we have 

(6.8) a 9 - (A h )* 9 = + (vt 9 o (&)•« + [(v 9 r] 2 o (&)••. 

Using (5.4) and (5.7), it follows that there exist rjj E C 00 (Hom((T*M)® J ', M)) such that 

(6.9) A g - (A h )* 9 = r]0 + Vl oV 9 + r ]2 o (V 9 ) 2 
and these section satisfy 

(6.10) \Vj\g(x) < CP(x), < j < 2, x G M. 

Using (6.9) and (6.10) we can proceed as above and prove that (A g — (A/ i )* s )e _ ' As is a 
trace class operator. □ 



We are now ready to prove Theorem 0.1. We note that for equivalent metrics, the 
Hilbert spaces L 2 (M,g) and L 2 (M,h) are equivalent. Hence we may regard e~ tAh as 
bounded operator in L 2 (M,g). 
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Proof of Theorem 0.1: By Duhamel's principle we have 

e -tA g _ e -tA h = t e -A 9(Ah _ Ag } e -(t~s)A h ^ ds 

Jo 

ft/2 

(6.11) = / e- sA °{A h - A g )e- (t - s)Ah ) ds 

Jo 

+ f e- sA *(A h - A g )e~^ Ah ) ds. 

Jt/2 

The integrals converge in the strong operator topology. By Lemma 6.3 the first integral is 
a trace class operator. In order to prove that the second integral is a trace class operator, 
it is sufficient to prove, that its adjoint with respect to h is of the trace class. This adjoint 
can be written as the strong integral 

(6.12) J* ( e -(*-)*«)* h (A h - {Ag)* h ) e~ sA *ds. 

Since (e~(*~ s ) A9 )* h is uniformly bounded in s, it follows again from Lemma 6.3 that (6.12) 
is a trace class operator. □ 



7. Existence and completeness of wave operators 



In this section we study the wave operators associated to (A g , A h ) for equivalent metrics 
g and h. 

Theorem 7.1. Let g and h be two complete metrics of bounded curvature on M which 
satisfy the assumptions of Theorem 0.1. Let P ac (A g ) be the orthogonal projection onto the 
absolutely continuous subspace of A g . Then the strong wave operators 

W±(A h ,A g ) = s- lim e UAh e- UA *P ac (A g ) 

exist and are complete. In particular, the absolutely continuous parts of A g and A h are 
unitarily equivalent. 

Proof: By Theorem 0.1, e~ tAg — e~ tAh is trace class. Then the existence and complete- 
ness of the wave operators follows from the invariance principle of Birman and Kato [Ka, 
Chapter X, Theorem 4.7]. □ 

Examples. We give some examples to demonstrate Theorem 0.1: 

1) Let M be a manifold with cylindrical ends. Then % is bounded from below, and we may 
take b = 2, a = 0. The condition /3§ e L 1 (M) is satisfied for (5{t) = t'^ £ for any e > 0. 

2) More generally, let M be a manifold with bounded geometry of order 2. (i.e. there 
is a lower bound for the injectivity radius and the covariant derivatives of the curvature 
of order < 2 are bounded). Then we may choose x G M arbitrary and let (3(t) < 
vo\(B t (xo))~2~ £ for any e > 0. To see this we first notice that if M is non-compact, the 
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volume of such a manifold is infinite. This follows from Gunthers inequality because we 
may find infinitely many disjoint balls of the same radius. Let a(r) := vol(B r (x )). 

Then J* 1 a(r)/3(l + r)ldr < oo and 

/oo 2 f°° 2 f°° f f r 

a(r)/3(l + r)3rfr < y a(r)[3(r)3dr < j a(r) I J a(s)ds) dr 

poo 

= / t^^dt < oo. 

7vol(Bi(x )) 

3) Let M be a Riemannian manifold with cusps in the sense of [Mul]. Assume that M has 
bounded curvature. Then the injectivity radius is exponentially decreasing in the distance 
and the volume of M is finite. Thus we may take 6 = 1. It follows a = 1, and we may take 
/3(t) = e~( 2 ^n)ct^ w h ere c i s chosen such that i{x) > Ce~ cd ( x,q \ 

□ 

The assumptions on /3 in Theorem 7.1 that guarantee the existence of the wave oper- 
ators are not optimal. Under additional assumptions on (M,g), the conditions on (3 can 
be relaxed. For example, let (M, g) be a complete manifold which is Euclidean at infinity 
and let h be a metric on M which satisfies (1.19), that is (M,h) is an asymptotically 
Euclidean manifold. Then Cotta-Ramusino, Kriiger, and Schrader [CKS] proved that the 
wave operators W±(A g , A^) exist. The condition (1.19) is weaker then the assumption 
which is necessary in Theorem 7.1 in this case. The proof is based on Enss's method [Si], 
which applies to this scattering system. An abstract version of Enss's method has been 
developed by Amrein, Pearson and Wollenberg [APW], [BW, 16,IV,§15]. This method can 
be applied in cases where the structure of the continuous spectrum of the "free Hamilton- 
ian" is sufficiently well know. To explain this in more detail we need to introduce some 
notation. 

Let C 0O (M) be the space of all continuous functions on R that vanish at infinity. For 
any closed countable subset I C R let Coo(H — /) of all functions / G C^R) satisfying 
f(x) = for x G I. A subset Ai of the space C(R) of all bounded continuous functions on 
R is called multiplicative generating for Coo(R — I), if the linear span of the set 

{f\f = hg, heAj, geC?(R-I)} 

is dense in Coo(R — J) with respect to the norm || / ||= sup^gjj |/(x)|. The main result of 
[APW] can be stated as follows. 

Theorem 7.2. Let H and Hq be two self-adjoint operators in a Hilbert space Ji. Let Rh{\) 
and Rh q (X) denote the resolvents of H and Hq, respectively. Assume that there exist self- 
adjoint operators P + and P_ in Ti and a set Ai of multiplicative generating functions with 
respect to some closed countable subset I C R satisfying the following properties 

(1) P ac (H ) = P+ + P- and s-lim^ioo e^>P T e-^P ac (# ) = 0. 

(2) (Id — P ac (i?o))o;(i?o) is compact for alia G Ai- 

(3) Ruii) — RH (i) is compact. 
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(4) J ±o ° || (R H (i) - R Ho (i))e- itHo a(H )P± \\ dt < oo for all a G Aj. 

Then the wave operators W±(H,Hq) exist and are complete. Moreover H and Hq have 
no singularly continuous spectrum and each eigenvalue of H and H in R — I is of finite 
multiplicity. These eigenvalues accumulate at most at points of I U {±00}. 

For the proof see Corollary 19 in [BW, 16,IV,§15]. 

As example, we consider a manifold X with cusps as defined in [Mul]. For simplicity we 
assume that X has a single cusp. Then X is a complete Riemannian manifold of dimension 
ra+l that admits a decomposition 

X = M U Y Z 

in a compact Riemannian manifold M with boundary Y and a half-cylinder Z — [1, 00) x Y, 
and M and Z are glued along their common boundary Y. The metric g on X is such that 
its restriction to Z is given by 

(7.1) g z = u- 2 (du 2 + g Y ), 

where g Y denotes the metric of Y. The metric g is the fixed background metric and we 
consider perturbations h of g. As free Hamiltonian Hq we are taking a modification of 
the Laplacian A g which is defined as follows. We regard Y as a hypersurface in X that 
separates X into M and Z. Let C^°(X — Y) be the subspace of all / G C^°(X) that vanish 
in a neighborhood of Y. Let A denote Friedrichs's extension of 

A g :C™(X-Y)^L 2 (X). 

To begin with we need to study the spectrum of A . With respect to the decomposition 
L 2 {X) = L 2 {M) © L 2 {Z) we have 

(7.2) A = A M ,o © A Z)0 , 

where Am,o and A z ,o are the Dirichlet Laplacians on M and Z, respectively. Since M is 
compact, Am,o has pure point spectrum. Let 

L 2 Q (Z) := {/ G L 2 {Z): J f(u, y) dy = for almost all u G [1, 00)}. 

The orthogonal complement Lq(Z)- 1 of L\{Z) in L 2 (Z) consists of functions which are 
independent of y G Y and therefore, can be identified with L 2 ([l, 00), u~^ +l Uu). The 
decomposition 

(7.3) L 2 (Z) = L 2 (Z)®L 2 (Z) ± 
is invariant under A z o - 

Lemma 7.3. TTie restriction of A Z fl to L\(Z) has a compact resolvent. In particular , A z $ 
has pure point spectrum. 
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Proof: Let Ay be the Laplacian of Y . Let {4>j}f =Q be an orthonormal basis of eigenfunc- 
tions of A y with eigenvalues = A < Ai < A 2 < • • • . Let / G C%°(Z) n L\(Z). Then / 
has an expansion of the form 



f(u,y) = ^2a k (u)(f>k(y), 



k=i 



where the series converges in the C°°-topology. Let b > 1 and put Z b = [b, oo) x Y. Let 
C = A^ 1 . Then we have 



u n-i- 



^ poo j f~t ^ i>oo 

(7-4) II/IIWE/ M^^^EM !«*(«) 

£=1^ M fc=i Jb 

Now observe that the Laplacian A z with respect to the metric (7.1) equals 

d 2 d 

(7.5) -u 2 — + nu— + u 2 A Y . 

du 2 ou 

Moreover, since a k G C£°((l, oo)), we have 

J (-u 2 al(u) + nua' k (u)) a k (u) — = y |a' fe (u)|V- n > 0. 
This together with (7.4) implies 

(7-6) || / \\ 2 L 2 (Zb) < p(A z /,/) L2(z) = p || V/ ||| 2(z) < p || / ||hi(z) • 

Let := iJ^Z) n Lg(Z). By continuity, (7.4) holds for all / G H%(Z). By Rellich's 

lemma, the embedding 

i b : H\Z - Z b ) n L 2 ,^ - Z b ) -> L 2 (Z) 
is compact. It follows from (7.6) that as b — > oo, 4 converges strongly to the embedding 

i:Hl{Z)^L 2 {Z). 

Hence % is compact which implies the lemma. □ 
Let 

A) := -« 2 ^ + nu^- : C c °°((l, oo)) - L 2 ([l, oo), «-< n+1 W) 

and let Lo be the self-adjoint extension of Dq with respect to Dirichlet boundary conditions 
at 1. By (7.5), the restriction of A Zfi to Ll(Z) 1 - = L 2 ([l, oo),u <n+1 - ) G?-u) is equivalent to 
L . The spectrum of L Q is absolutely continuous and equals [n 2 /4, oo). Thus we get the 
following lemma. 

Lemma 7.4. The spectrum of A is the union of a pure point point spectrum and an abso- 
lutely continuous spectrum. The point spectrum consists of eigenvalues of finite multiplicity 
< Ai < A2 < • • • — > 00. The absolutely continuous spectrum is equal to [n 2 /4, 00) and the 
absolutely continuous part A ^ c of A is equivalent to L . 
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Let e > and let (3(t) = e~ £t . Let h be a complete metric on X. We put 

H := A h and H := A . 
Since H and H are positive operators, we can replace % by —1 in Theorem 7.2. So let 

(7.7) R g := (A g + Id)" 1 , R h := (A h + Id)- 1 and R := (A + Id)" 1 . 
First we have the following lemma. 

Lemma 7.5. Suppose that h ~^ g. Then Rh — Rq is a compact operator. 

Proof: Since Y C X is a compact hypersurface, it follows that R g — Rq is a compact 
operator. So it suffices to show that Rh — R g is compact. We have 

(7.8) R h -R g = -R g (A h - A g )R h . 
By Lemma 5.2 we have 

2 

(7-9) A fc -A, = £&°(V fc )'' 

i=o 

and ^- satisfies 

(7.10) |^-(a:)| < C7e- ed(x ' Xo) , x E X. 

Now L 2 (X) -> W 2 (X) is continuous. Therefore by (7.9) and (7.10) it follows that 

(A„-A fl )i2„: L 2 (X) ^ L 2 (X) 

is a bounded operator. Using again that R g — R is compact, it follows from (7.8) that it 
suffices to show that Ro(A h — A g )R h is a compact operator. 

For a > 1 let 

X a = MUy([l,a}xY). 

Denote by Xa the characteristic function of X a in X. We claim that RoXa is a compact 
operator. By (7.2) we have 

R = (A M)0 + lr 1 © (A Z)0 + l)" 1 . 

Since M is compact, (Am,o + l)^ 1 is compact. Let X[i,a] be the characteristic function 
of the interval [l,a] in [l,oo). By Lemma 7.4 it suffices to show that (L + Id) _1 X[ l a ] is 
compact as operator in L 2 ([l, oo), u~( n+1 ^du). The kernel p(tt, tt') of (L + Id) -1 is given by 

{uu') nl2 \{u'/u) { - n2 ' A+1 ^\u>u'- 



(7.11) g(u,u') 



v/n 2 /4 + l \ (V^) (n2/4+1)1/2 , «' > «■ 



From this formula follows that g(u,u') is bounded on [l,oo) x [l,a], and therefore square 
integrable with respect to the measure u~( n+1 ^du. This implies that (L + Id) _1 X[i,a] is a 
compact operator and hence, RoXa is compact for all a > 1. 
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Let M( 1 _ Xa ) /3 denote the multiplication operator by (1 — Xa)P- Using (7.9) and (7.10), 
we get 

|| R (l-Xa)(^h-\)Rh || 

(7 ' 12) < C (j2 II TO II j • II II • II M (1 _ Xb)/s || . 

Let Z a = [a, oo) x F. Then 



Af(i-x.)/j || < sup P(x) = sup e 

xeZ a XGZ a 



-ed(x,xo) 



Now observe that there exists C\ > such that for all (u, y) G Z a we have 

d((u,y),x ) > d((u,y), (l,y)) -C = logw - d. 

Hence together with (7.12) we get 

|| R (l-Xa)(A h -A g )R h \\<C 2 a- e . 

Thus Ro(A h — A g )R h can be approximated in the operator norm by compact operators 
and hence, is a compact operator. □ 

Next we construct self-adjoint projections P± which satisfy the conditions of Theorem 
7.2. Let 

(7.13) e(u, A) := u n/2+tX - u n/2 - lX , u E [1, oo), A el. 

Then e(u, A) satisfies 

D e(u, A) = (n 2 /4 + A 2 )e(w, A), e(l, A) = 0. 
Thus e(u, A) is the generalized eigenfunction for L . For ip e C£°(l, oo)) set 

ip(\):=^-J^ e(u,\)<p(u) dU 

The map if i— > extends to an isometry 

F: L 2 ([l,cx)),u- (n+1) du) 

such that 

FoL oF* = Lq, 
where L is the multiplication operator by (n 2 /4 + A 2 ). Let 

U: L 2 (R + ) ^L 2 ([n 2 /4,oo)) 

be defined by 

W)(A) - /(nA 3 ^) 



M n+1 



v^A-ra 2 /^ 1 /*" 

Then [/ is an isometry such that U o L o [/* = Lq, where L Q is the multiplication operator 
by A. Thus U o F provides the spectral resolution of L = A 0)ac . Let 

J: L 2 ([n 2 /4,oo)) -> L 2 ' 
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denote the inclusion, let T : L 2 (IR) — > L 2 (R) be the Fourier transform, and let x± denote 
the characteristic function of [0, oo) and (— oo,0], respectively. Set 

Then P + + P_ is the identity of L 2 ([n 2 /4, oo)). Let A = —id/du, regarded as self-adjoint 
operator in L 2 (R). Then 

p ±e -itL = j*F x±e -itAj:*j. 

Let / G L 2 (M). Using the Fourier transformation, it follows that (e~ ltA f)(u) = f(u — t). 
Thus we get 

/±oo 
|/(u)| 2 du->0 

as t — > =Foo. Hence we get 

(7.14) s-lim t ^ ±00 e itZo P T e- itZo = 0. 

Now put 

P ± ■= F*U*P±UF 

on L 2 ([l, oo), u~~( n+ ^du) and set P± := on the orthogonal complement of L\{Z) L = 
L 2 ([l, oo), u~( n+1 ^du) in L 2 (X). Then P± are self-adjoint projections that satisfy 

P+ + P- =Pac(A ). 

Furthermore we have 

e itHo P ±e - itA ° P ac (A ) = F*U*e itZo P ± e~ itZo UF. 
So it follows from (7.14) that 

s-lim^ ±oo e^P T e-^ P ac ( J Pr ) = 0. 
Thus condition (1) of Theorem 7.2 is satisfied. Let I = {n 2 /A}. and put 

Ai := C c °°(R-7). 

Then it is clear that Ai is multiplicative generating for C^M. — I). By Lemma 7.4, A has 
pure point spectrum in the subspace (Id — P ac (A ))L 2 (X) consisting of eigenvalues of finite 
multiplicity with no finite points of accumulation. Let a G Ai- Then (Id — P ac (A ))o;(Ao) 
is a finite rank operator. This is condition (2) of Theorem 7.2. Condition (3) holds by 
Lemma 7.5. It remains to verify condition (4). 

Given t > 0, let xt be the characteristic function of [e*, oo) x Y in X. Let 5 > 0. We 
have 

|| (R h - PoK' Ao «(A )P ± || 
(7-15) <|| R h - R || • || (1 - X8t)e UA «a(A )P ± || 

+ || (R h - R ) X st || • || «(A ) || . 
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We will prove that for each a G C£°(R — {n 2 /4}) there exists 5 > such that the right 
hand side is an integrable function of t G 1R + . To estimate the first term on the right hand 
side we need the following auxiliary result. 

Lemma 7.6. LetaeR and let f G C C °°(M - {a}). Let e > such that f(X 2 + a) = for 
\X\ < e. Then for every m G N there exists C > such that fort G 1R — {0} and \u\ < e\t\/2 
one has 

POO 

/ e 2tuX+uX2 f(\ 2 + a)d\ 
Jo 

Proof: Let t ^ and set x = u/t. Then the left hand side of the inequality equals 

roc 

/ e^ x+x ^f(X 2 + a)dX 
Jo 

= (2t)" 

Now assume that \u\ < s\t\/2. Then |x| < e/2. On the other hand, we have f(X 2 + a) = 
for |A| < e. Thus if /(A 2 + a) ^ 0, then we have |A + x| > |A| — \x\ > e/2. Hence the right 
hand side can be estimated by C\t\~ m . □ 



< C\t 



d 



X + xdX (X + x)' 



f(X 2 + a) dX 



Let (p G L 2 ([l,oo),u-( n+1 Uu) = P ac (A ){L 2 {X)). Then 



(7.16) 



-itAo 



(Ao)y) 



— / e(u, n/2 - iX)e-^ x2+n2 ^a{X 2 + n 2 /4)(F V )(X) dX. 
2tt 



Let v G C c °°((l,oo)). Put = P+v and iy = T*JUFv. Then w G L X (M) and Fip = 
U* J*J r (x+ w )- Using the definition of U, J and J 7 , we get 



/■oo 

(Fv?)(A) = V2X e- ts ^ 2+n2/4) w(s) ds. 
Jo 



Assume that t > 0. If we insert this expression into the right hand side of (7.16) and switch 
the order of integration, we obtain 

(e- UA "a(A )P + v)(u) 
(7.17) 1 



V2~7T 



w(s) / e(u,n/2 — iX)e 



-i(t+s)(\ 2 +n 2 /4) 



a(X 2 + n 2 /A)VXdX ds. 



Now there exists e > such that a(A 2 +n 2 /4) = for |A| < e. Assume that | log(w)| < et/2. 
Using the definition (7.13) of e(u, X) and Lemma 7.6, it follows that there exists C > 
such that 



(7.18) 



D -itA 



a(A )P + v(u) 



<C\\w II 2 u n t' 3 <C\\v II 2 u n t 



2 „.n.L-3 
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Thus for every a G (R — {n 2 /A}) there exist C > and 5 > such that for i > 5 _1 one 
has 

|| (1 - xstK UA °a(A )P + \\< cr 3 f - = csr'. 
Similarly one can show that 

|| (1 - xst)e- UA »a(A )P_ \\< Ct~ 3 / - = C5t~\ t > S~\ 

Ji u 

Hence for this choice of S, the first term on the right hand side of (7.15) is an integrable 
function of t G R + . 

Now consider the second term on the right hand side of (7.15). We have 

(7.19) || (R h - R )xst \\<\\ {R h - R g )xst II + II {R g - RA )xst II • 

Let M Xstf3 denote the multiplication operator by XstP- By (7.8) - (7.10) we get 
|| (R h - R g )xst || <|| R 9 || • || Xst(A h - A g )R h || 

(7.20) <c||m x ^ii [ V ii (v'lyn.,, ii 1 <(v ' 



^ II (v h yR h || j < C7 lt 



It remains to estimate the second term on the right of (7.19). Let tp G C°°(R) such that 
f(u) = 0, if u < 2, and f{u) = 1, if u > 3. Define / G C°°(Z) by /(u,j/) = ^(u) and 
extend / by zero to a smooth function on X. Then we have 

R g -Ro = {f- l)Ro - R g ((A g + Id)(/i? ) - Id). 

Observe that 

{A g + Id)(/i? ) - Id = / - 1 + 2V/ • VR + Af ■ R . 
Moreover note that (/ — l)xst = if t ^> 0. Thus 

(7.21) {Rg - Rq) ■ xst = (f - 1) • Ro ■ Xst - R 9 (2Vf ■ VR ■ Xst + Af ■ R ■ X st) 

for t 3> 0. It follows from (7.2) that R ■ x&t acts in L 2 (Z) and preserves the decomposition 
(7.3). Moreover || R ■ Xst\ L 2 (z) 11 = 11 Xst ■ Ro\l*(z) II- Let ¥ € L o( z )- Then ^oV? e 
L 2 (Z) n H 2 (Z) and by (7.4) we obtain 

(7.22) || Xst Ro<P || < Ce' 2St || R cp ]],< Ce~ 2St \\ <p \\ . 

On the orthogonal complement L^Z) 1 , the kernel of R is given by (7.11). Let h G C%°(Z). 
Then it follows from (7.11) that 

(7-23) \\h-Ro- X8t\ L ^ \\< Ce- St V^J^ < Ce' St . 

Combining (7.22) and (7.23) we obtain 

\\h-R -X8t \\<Ce- St . 
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Similar estimations hold for VR - This proves that the second term on the right hand 
side of (7.15) is an integrable function of t G K + . This is condition (4) of Theorem 7.2. 
Summarizing we have proved the following theorem. 

Theorem 7.7. Let (X,g) be a manifold with cusps and let A be defined by (7.2). Let 
e > and put j3{u) = e~ £U , u G M. Let h be a complete metric on X such that h ~| g. 
Then we have 

(1) The wave operators W±(Ah, Ao) exist and are complete. 

(2) Ah has no singularly continuous spectrum. 

Corollary 7.8. Let g and h be as above. Then the wave operators W±(A h , A g ) exist and 
are complete. 

This is a considerable improvement of the result that we get from Theorem 7.1 in this 

case. 

Remark. Other cases of complete manifolds (M, g) with a sufficiently explicit structure 
at infinity can be treated in the same way. This includes, for example, manifolds with 
cylindrical ends and asymptotically Euclidean manifolds. 

8. /^-Equivalence and Analytic Continuations of the Resolvent 

In this section we study the existence of an analytic continuation of the resolvent in 
weighted L 2 -spaces. Provided that such a continuation exists, we are able to study the 
behavior of the absolutely continuous spectrum under perturbation in more detail. The 
method is a modification of the method used in [Mu2]. 

Definition 8.1. Let B be a Banach space, Q C C a domain and F : Q B a. meromorphic 
function. Let E be a Riemann surface and let 7r : E — > C be a ramified covering. A 
meromorphic continuation of F to X is a meromorphic function F : £ — > B such that 

a) There exists ilCS such that 7r : ST2 — > r2 is biholomorphic. 

b) F o 7T = F on Vt. 

Definition 8.2. Let 5 be a function of moderate decay and let p G N. By we denote 
the dual space of H$, with respect to the extension of the L 2 -pairing. 

Lemma 8.3. Let ((u) be a non-increasing continuous function on [l,oo) with ((u) — > 
as u — > oo and let 5 be a weight function. Then the canonical inclusion j : L^ ( ._ 1 (M) — > 

Hg 2 (M) is compact. 

Proof: It is enough to prove, that the adjoint f : H^^M) — > L 2 _ 1( ^(M) is compact. For 
k G N let 

Q k = { x G M | ((1 + d(x, x )) > l/k}. 
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Then each Q k is a compact subset of M. Let P k be the multiplication operator by the 
characteristic function of VL k . By Rellich's lemma, fP k is compact. For / G if|_i(M) we 
have 

/ \f{x)\H-\x)C{x)dx<\\\ff H2 
JM-n k K 5 

Thus fP k converges to f in the operator topology. Hence f is compact. □ 

Let 5, p be functions of moderate decay. Then L 2 ^ (M) C L 2 (M) and H 2 (M) C H 2 (M). 
Thus for A G C — [0, oo), the resolvent (A - A) -1 : L 2 (M) -> # 2 (M) may be regarded as 
a bounded operator 

(A-A)- 1 :L, 2 _ 1 (M)^/J p 2 (M). 

Denote by £(L 2 _ 1 (M), H 2 (M)) the Banach space of all bounded operators from L 2 _ 1 (M) 
into H 2 (M), equipped with the strong operator norm. 

Theorem 8.4. Let g, h be complete Riemannian metrics on M with bounded curvature of 
order 2. Let j3, 5, ( and p be functions of moderate decay on M such that 

(8.1) (3 2 {x) < Ci* n (x)p(x)8(x)((x), xeM, 

and g ~| h. Let Q C C — [0, oo) be open. Assume that there is a Riemann surface E and 
a covering E — > Q such that the operator valued function 

AG^(A 9 - A)' 1 G £(L 2 -i(M, g), H 2 (M, g)) 
admits an analytic continuation to a meromorphic function 

A G E - fl fl (A) G C(L 2 -i (M, g), H 2 (M, g)) 
with finite rank residues. Then 

Aefi^ (A„ - A)- 1 G £(L 2 _ X (M, fc), H 2 (M, h)) 
also admits a meromorphic continuation to E with finite rank residues. 

Proof: By assumption, f3i~ 2n is bounded. Hence by Corollary 5.3, H 2 (M, g) and H 2 (M, h) 
are equivalent and therefore, by duality, H~ 2 (M, g) and H~ 2 (M, h) are also equivalent. Let 
A G C — [0,oo). Then 

K{\) :=(A g -\)-\A h -A g ) 

is a bounded operator in L 2 (M). Moreover Id +K(X) = (A g — A)~ 1 (A ft — A) has a bounded 
inverse in L 2 (M) which is given by 

(Id+K(A))- 1 = (A,-A)- 1 (A 9 -A). 

Thus for A G C — [0, oo) we have 

(8.2) (A,-A)- 1 = (Id+K(A))- 1 (A 9 -A)- 1 . 
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By Corollary 4.3 there exists A G C — [0, oo) such that (A h — A) -1 extends to a bounded op- 
erator in L 2 (M). By Lemma 4.4 it follows that (A h -X)~ l maps L 2 (M) into H 2 (M). More- 
over by definition A g — A is a bounded operator of H 2 (M) to L 2 (M). Hence (Id +K(X))~ 1 
extends to a bounded operator in H 2 (M). Let /i6 0. Then 

Id+K(pi) = (ld+K(X)) - {(ld+K(X)) - (ld+K(n))} 

(8.3) =<Jd+K(\))-{K(\)-K(jj.)} 

= (Id +K(X)) - (A - ii){A 9 - //) _1 (A g - A)- 1 (A, - A g ). 

By Corollary 4.3 we may choose A such that (A g — A) -1 extends to a bounded operator 
in L 2 5( -(M). By duality, and Lemma 4.4, it defines a bounded operator 

(A g -A)- 1 :^_ 1C _ 1 (M)^//|_ 1C _ 1 (M). 

Using Lemma 3.6, Lemma 5.2 and the assumption on (3, it follows that the operator 
(A g — \Y l (A h — Ag) is the composition of the following chain of bounded operators 



(8.4) 



H 2 (M) -> W? 4np (M) ^ 3 L 2 ninp (M) 



lU^(m) (a ^ )_ hU^(m) -L lU(m). 



By Lemma 8.3, the inclusion j is a compact. Hence 

(A, - A)- 1 (A, - A,) : H 2 (M) -> LU(M) 
is compact operator. Set 

(8.5) H x (p) = (X-p)R g (p)o(A g -X)- 1 (A h -A g ), pt G E. 
Then H\(/i), /i G S, is a meromorphic family of compact operators and 

(8.6) Id +#(//) = (Id +K(X)) {Id - (Id +K(X)y 1 H x (p) } . 

It then follows from [St], that (Id +K(p))~ l exists except for on a discrete set and is 
meromorphic in /i. Thus, we may define 

(8.7) R h (p) = (ld+K(fi)y 1 oR g ( f ,). 

By (8.2) this is the desired meromorphic continuation of the resolvent (Ah — A) -1 . □ 
Examples. 

1) Let M be a surface with cusps. Here by a cusp we mean a half-cylinder [a, oo) x S 1 , 
a > 0, equipped with the Poincare metric y~ 2 (dx 2 + dy 2 ), and M is a surface with a 
complete metric g which in the complement of compact set is isometric to the disjoint 
union of finitely many cusps. Let c > and let Xq G M. Set 

(8.8) 8(x) := e - cd(x ' xo \ xeM, 

and p = ( = 5. Then 5, p, and ( are functions of moderate decay. Let 

= {sGC| Re(s) > 1/2, s £ (1/2, 1]}. 
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We consider the resolvent R g (s) = (A g — s(l — s))^ 1 as a function of s e £1 Then it 
follows from [Mu2, Theorem 1] that -R(s) admits an analytic continuation to a meromorphic 
function on C with values in £(L|_i(M), Lg(M)). Using the same method, one can show 
that the R g (s) takes values in Hg(M). Now observe that the injectivity radius satisfies 
i(x) ~ e -^ x ' X0 \ Let e > and set (5(x) = e -(4+«)d(*.*o). Choose the constant c > in 
(8.8) such that c < e/4. Then /3 is a function of moderate decay which satisfies (8.1) 
with respect to our choice of the functions S, p, and (. Now note that the metric g has 
bounded curvature of all orders. Let h be complete metric on M with bounded curvature 
of order 2 which satisfies g ~j| h. Then it follows from Theorem 8.4 that the resolvent 
Rh(s) = (Ah — s(l — s))^ 1 , sffi, also admits a meromorphic extension to C with values 
in C(L 2 s _ 1 (M),Hj(M)). We think that the condition on (3 can be weakened. 

2) Let M be a manifold with a cylindrical end. This means that M is a complete Riemann- 
ian manifold that admits a decomposition M = M Uy (M + x F) into a compact manifold 
M with boundary Y and a half-cylinder (M + x F) which is glued to M along the common 
boundary Y. The restriction of the metric g of M to the half-cylinder is assumed to be 
the product metric. Then g is a metric with bounded geometry, that is, g has bounded 
curvature of all orders and the injectivity radius has a positive lower bound. Let Ay be the 
Laplacian of Y and let = pi < yU 2 < /U 3 < • • • be the eigenvalues of Ay. Let S — > C be 
the Riemann surface to which the square roots A i— > a/A — /Xj, j G N, extend holomorphi- 
cally. Define 5, p, and ( as in example 1. Then it follows as in [Mu2, Theorem 5] that the 
resolvent (A g — A) -1 extends from C — [0, oo) to a meromorphic function AgEh RgW 
with values in ^(L^M), H 2 5 (M)). Now let e > 0, x G M, and set 

/3(a;) = e -^(*.*o) > x £ M. 

Choose c in the definition of S such that c < e/2. Then /3 satisfies (8.1) with respect to 
our choice of the functions 5, p, and (. Let /i be a complete metric on M with bounded 
curvature of order 2, and suppose that g ~^ h. Then it follows from Theorem 8.4 that the 
resolvent (Ah — A)" 1 also admits a extension from C — [0, oo) to a meromorphic function 
AgSm R g (X) with values in C^.^M), H 2 5 (M)). 
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